The sufficient and necessary conditions for the bounded oscillation of the second order nonlinear neutral delay difference equation
Introduction and preliminary
Consider the second-order nonlinear neutral delay difference equation 2 q i x(n − i ), n n 0 , (1.2) where is the forward difference operator defined by x(n) = x(n + 1) − x(n), 2 x(n) = ( x(n)), p ∈ [0, 1), q i ∈ (0, ∞), , i ∈ {0, 1, 2, . . .}, and f i ∈ C(R, R), i = 1, 2, . . . , m, and the characteristic equation of (1.2),
[x(n) − px(n −
Since the characteristic equation (1. 3) always has a real root in the interval [1, ∞) , from [1] , Eq. (1.2) always has an unbounded and non-oscillatory solution. Therefore, we only need to find conditions for all bounded solutions of (1.2) and (1.1) to be oscillatory.
In this paper, we investigate the sufficient and necessary conditions for the bounded oscillation of (1.1) and (1.2) in two cases; a non-critical case in Section 2 and a critical case in Section 3. In Section 3, we consider the more general second-order nonlinear and non-autonomous neutral delay difference equation 2 
q i x(n − i ) + f (n, x(n − 1 (n)), . . . , x(n − l (n))), n n 0 , (1.4) where p ∈ [0, 1), q i ∈ (0, ∞), , i , j ∈ {0, 1, 2, . . . }, j , is a positive integer, i = 1, 2, . . . , m, j = 1, 2, . . . , l, and f ∈ C([n 0 , ∞) × R l , R). We first establish the sufficient condition of oscillation of all bounded solutions for (1.4) by the second-order ordinary difference equation we say that (1.1) or (1.2) is in a critical state, otherwise, (1.1) or (1.2) is considered to be a non-critical state.
In a non-critical state, we have either
As is customary, a solution x(n) of (1.1) or (1.2) is said to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise, it is said non-oscillatory.
The following Lemma 1.1 is the result of [10, for second-order case].
Lemma 1.1. Assume that is a positive integer, is a non-negative integer, p(n)
, q(n) ∈ [0, +∞) for n 0 and for larger n,
And assume f is a non-decreasing continuous function in R and
has an eventually positive bounded solution if and only if the difference equation
has an eventually positive bounded solution.
In the past 10 years, there have been many papers in the study of oscillation in a critical state for first-order and second-order differential and difference equations including neutral equations [2] [3] [4] [5] [6] [7] [8] . In this paper, we generalize the results of [3] to the nonlinear neutral delay difference equations.
The non-critical case
In this section, we investigate the equivalence of oscillation of (1.1) and (1.2) in non-critical case. In this section, we set 
where
We now claim that = 0. Otherwise 0 < < 1 and by [1, Theorem 1.4.1] the point z = must be a singularity of the quotient (z)/F (z). But this quotient has no singularity on the interval (0, 1]. Thus = 0, so
But then x(n) = 0 for all sufficiently large n, since otherwise the left-hand side of (2.1), but not the right-hand side, would have an essential singularity at z = 0. This contradicts the assumption that x(n) is non-oscillatory and the proof is complete. Proof. For the sake of contradiction, assume that (1.1) has a bounded non-oscillation solution x(n). We assume that x(n) is eventually positive. The case where x(n) is eventually negative is similar and is omitted. Let
It is not difficult to show that there exists a n 1 > n 0 such that 
Similar to the proof of Lemma 1.1, the equation
has a bounded positive solution. As is arbitrarily small, it follows that (1.2) has a bounded positive solution. This contradicts the hypothesis that every bounded solution of (1.2) is oscillatory and the proof is complete. 
3) has a positive real root in the interval (0, 1) at least. Hence Lemma 2.1 implies that (1.2) has a bounded positive solution. The proof will be complete if we show that (1.1) also has a bounded positive solution. To this end, let 0 ∈ (0, 1) such that 0
It follows that there exists a 1 ∈ (0, 1) such that F +
0
( 1 ) = 0. By (H1), we may choose 1 > 0 such that
Similar the proof of Lemma 1.1 that (1.1) has a bounded positive solution. The proof is complete.
The critical case
Consider the more general second-order nonlinear and non-autonomous neutral delay difference equation
In this section, we first establish the sufficient condition of oscillation of all bounded solutions for (3.1) by the second-order ordinary difference equation
under the critical state.
Lemma 3.1 (Tang [3] ). Assume that > 0 and that
In this section, we set = max 1 i m { i }, = max{ , , }.
Theorem 3.1. Assume that 0 < < 1 and that (1.5) and f ∈ C(R, R) and the function f satisfies the following hypotheses: (H2) for any n n 0 ,
If every solution of (3.2) oscillates, then every bounded solution of (3.1) oscillates. 
For the sake of contradiction, assume that (3.1) has an eventually positive bounded solution x(n). Let
It is not difficult to show that there exists a n 1 > n 0 such that
Then v(n) > 0 for n n 1 − , and from (3.1), we have for n n 1 ,
which, together with (3.5) yields
By (3.10) there exists a increasing sequence {n * k } with n * k → ∞ as k → ∞ such that
From (3.7), (3.11) and identity
which together with (3.8) implies that u(n) < 0, u(n) < 0 and 2 u(n) 0, n n 1 + . (3.12)
Next, we will prove that for large n
(3.13) From (3.1), (3.3) and (H2), we obtain
By (3.9) and (3.4), we have
Combining (3.14) and (3.15), we obtain
By Lemma 3.1, (3.17) together with (3.4) and (3.5) yields that
Substituting (3.18) into (3.16), we obtain
Similar to (3.18), we can conclude from the above that
By induction, one can easily show that
It is not difficult to verify that where N satisfies the equation
which, together with (3.6), yields
Let 0 ∈ (0, 1) such that 1 2 ( + 1)(
In view of (3.21) and (3.23), there exists a positive integer K such that
It follows from (3.19) that
Consequently, we obtain that for n n 2 + (K + 1)
Note that 0 x(n) M for n > n 1 − and using (3.10), it follows that there exists a > 0 such that
Let N n be an integer such that
Then from (3.9) and (3.25), we have for n − s n, n n 2 + (K + 1) ,
Substituting (3.27) into (3.7), we have for n n 3 = n 2 + (K + 1)
28)
It follows from (3.6) that p − 0 < 1. Then we have
From (3.24), (3.29) and (3.30), we obtain 1 2 ( + 1)(
From (3.6), by using Cauchy inequality and 1 − p − 0 1, we have
which yields
that is
By (3.31), (3.32) and by using the nature of monotonicity of u(n), we have for n n 3
So (3.13) holds. It follows from (3.13) that
(3.33)
From (3.8), (3.33) and (H2), we have
This shows that inequality (3.34) has an eventually positive solution. By [9, Theorem 3.1] , the corresponding equation (3.1) also has an eventually positive solution, leading to a contradiction. The proof is complete.
By Theorem 3.1, we obtain the following Theorem 3.2. 
then every bounded solution of (3.1) oscillates.
Proof. Suppose, to the contrary, that (3.1) has a bounded non-oscillatory solution. By Theorem 3.1, (3.2) also has a non-oscillatory solution. We can assume, without loss of generality, that (3.2) has an eventually positive solution y(n). then there exists a N n 0 such that
It follows from (3.2) and (H2) that
This contradicts (3.35), and so the proof is complete.
The following Theorem 3.3 guarantees that (3.1) has a non-oscillatory solution under the critical state, that is Theorem 3.3 is the necessary condition for the bounded oscillation of (3.1) under the critical state. 
Then (3.1) has a bounded non-oscillatory solution.
Proof. (1.5) implies (3.6) and by using Cauchy inequality, we have
, which yields
Then from (3.1), (3.6) and (3.36), we have 
